Stability of Gieseker stable sheaves on K3 surfaces 
in the sense of Bridgeland and some applications 



Kotaro Kawatani* 



Abstract 

We show that some Gieseker stable sheaves on a projective K3 
surface X are stable with respect to a stability condition of Bridgeland 
on the derived category of X if the stability condition is in explicit 
subsets of the space of stability conditions depending on the sheaves. 
Furthermore we shall give two applications of the result. As a part 
of these applications, we show that the fine moduli space of Gieseker 
stable torsion free sheaves on a K3 surface with Picard number one 
is the moduli space of /^-stable locally free sheaves if the rank of the 
sheaves is not a square number. 



Contents 

1 Introduction 2 

2 Review of classical stability for sheaves 

3 Review of Bridgeland's work [g| 

4 Stability of classically stable sheaves [l(^ 

5 First application ]21 

6 Second application \i 



*2010 Mathematics Subject Classification. Primary 14F05, 14J28, Secondary 14J60, 
14J10 



1 



1 Introduction 



In the article [T], Bridgeland constructed the theory of stability conditions 
on arbitrary triangulated categories T>. A stability condition a is a pair 
(A, Z) with some axioms where A is the heart of a bounded i-structure on 
T> and Z is a group homomorphism from the Grothendieck group K(T>) of 
V to C. Let Stab(P) be the space of stability conditions on V. If Stab(D) 
is not empty then Stab(P) is known to be a complex manifold by Q.J. If a 
stability condition a on T> exists we can define the notion of cr-stability for 
objects E G V. 

Suppose that V is the bounded derived category D(X) of coherent 
sheaves on a smooth projective variety X over C. In this paper we study 
the case where X is a projective K3 surface. Then as is well-known, the 
space Stab(X) of stability conditions on D{X) is not empty by virtue of 
Bridgeland [2j. Then for coherent sheaves on X we have have the notion 
of <T-st ability in addition to Gieseker stability and //-stability. Thus it is 
natural to compare these stabilities. We shall give an partial answer to this 
problem. 

We have two goals. The first goal is to show the a-stability of Gieseker 
stable (or //-stable) sheaves on X if a is in explicit subsets of Stab(X) 
depending on the sheaves. This result will be proved in Theorems 14.41 and 
14.101 The second goal is to give two applications of these two theorems. 

We comment on Theorems 14.41 and 14.101 Recall that the space Stab(X) 
has the subset U (X) described by 

U(X) = {cr G Stab(X)|Vx G X, O x is cr-stable with a common phase 
and a is good, locally finite and numerical}, (1-1) 

where O x is the structure sheaf of a closed point x G X. Very roughly 
this subset U(X) is also a trivial GL (2,R) bundle over a set V(X), where 
GL + (2,R) is the universal cover of GL + (2,R) (See also Section 3). In ad- 
dition V(X) is roughly parametrized by R divisors /3 and R ample divisors 
oj. Hence we can write a G U(X) as a = 07^) ■ g where 07a iU; ) G V(X) 

and g G GL + (2,R). It is shown in [2 J that if we take a sufficiently large 
oj >> 0, then the notion of cr-stability is just (/3, w)-twisted stability for 
coherent sheaves. Namely, for any sufficiently large A >> if E G D(X) 
is C( / g i Aw) " ^-stable then E is a (/?, w)-twisted stable sheaf and vice versa. 
In some sense we strengthen this result. We give an explicit bound for A 
depending on sheaves so that Gieseker stable sheaf is oy^Auj) ' ^-stable. 
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In Theorem 15.41 which is the first application, we study fine moduli 
spaces of Gieseker stable sheaves on a projective K3 surface X with Picard 
number one. More precisely we show the fine moduli space of Gieseker stable 
torsion free sheaves is the fine moduli space of //-stable locally free sheaves 
if the rank of the sheaves is not a square number. We also show that if the 
rank is a square number then the fine moduli space is the moduli space of 
//-stable locally free sheaves or the moduli space of properly Gieseker stable 
torsion free sheaves^. Furthermore we show that if the latter case occurs 
then the moduli space is isomorphic to X itself. The key idea of the proof of 
Theorem 15. 41 is to compare two Jordan-Holder nitrations of a Gieseker stable 
sheaf with respect to /i-stability and cr-stability for some a E Stab(Jf). This 
comparison is enabled by Proposition 15.21 In this proposition we show that 
the cr-stability of some Gieseker stable sheaf E on X is equivalent to the /t 
stability and the local freeness of E if a is in a subset V^T^s (See Section 5 

for the definition of V^Tgs ) . As a consequence of Theorem 15.4} we see that 
any non trivial Fourier- Mukai partner should be the fine moduli of //-stable 
locally free sheaf. 

The second application is Theorem 16.71 which is a generalization of [8j 
Theorem 1.1]. Let <& : D(Y) — > D{X) be an equivalence where X and Y 
are projective K3 surfaces with Picard number one and let : Stab(y) — > 
Stab(A) be a natural map induced by <F In [5J Theorem 1.1], the author 
showed that, if <3? satisfies the condition $>*U(Y) = U(X) then the equiva- 
lence $ is given by M® /*(— )[n] where M is a line bundle on X, f is an 
isomorphism from Y to X and n£Z. 

As the second application, we remove the assumption that the Picard 
number of X is one from [HI Theorem 1.1]. We proceed as follows. For an 
equivalence $ : D(Y) — >■ D(X) satisfying the assumption $JJ(Y) = U(X), 
one can see that it is enough to prove &(O y ) = O x [n] where x £ X and 
n G Z, since U(X) is given by f|l.l j> . In [8], this was proved by using [5J 
Theorem 6.6]. Hence the crucial part of the proof of [8] Theorem 1.1] is [HJ 
Theorem 6.6]. A necessary generalization of this result of [HJ will be done in 
Corollary 16.61 by applying Theorem 14.61 

We finally explain the motivation of our study. In the previous paper [8] 
we also showed the cr-stability of Gieseker stable or //-stable sheaves. Before 
we started the previous study we expected that there would be a Gieseker 
stable torsion free sheaf E with dim Extjf (E, E) = 2 on a polarized K3 
surface (X,L) such that E is cr-stable for all a in U(X). This conjecture 
is based on the fact that any line bundles P with c\{P) = on an abelian 



1 Namely the sheaf is neither /j-stable nor locally free. 
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surfacqj are cr-stable for all a E U(X). However throughout the previous 
study we showed our conjecture never holds if X is a projective K3 surface 
with Picard number one. Hence we had to give up our first conjecture 
and tried the following two things. One is to find explicit subsets of U (X) 
depending on Gieseker stable sheaves so that the sheaves are u-stable if a 
is in the subsets. The other is to find interesting applications of cr-stability 
of Gieseker stable sheaves. 



2 Review of classical stability for sheaves 

In this section we recall the //-stability, Gieseker stability and twisted sta- 
bility for coherent sheaves on a projective K3 surface. 

We first introduce some notations. Throughout this section X is a pro- 
jective K3 surface over C. Let A and B be in D(X). If the i-th cohomology 
H l (A) is concentrated only at degree i = 0, we call A a sheaf. We put 
Rom x (A,B) := Rom D{x) (A, B[n\) and han$(A,B) := dim c Hom£(A, B) 
where [n] means n E Z times shifts. We remark that 

Rom x (A,B) = Rom 2 x n (B,A)* 

by the Serre duality. Then the Euler paring x(£7, F) = 1)* hom l x (E, F) 

is a Z-bilinear symmetric form on the Grothendieck group K(X) of D(X). 

Let M(X) be the quotient of K(X) by numerical equivalence with respect 
to the Euler pairing x- Then N{X) is isomorphic to 

h°{x, z) e ns(x) e h\x, z) 

where NS(X) is the Neron-Severi Lattice of X. For E E D(X), we define 
the Mukai vector v(E) of E by ch{E)yJtdx- Then v(E) = © 5e ® se is in 
F°(X,Z)©NS(X)©F 4 (X,Z) and we have r E = rank£, 5 E = c x {E) and 
s E = x{Ox,E) - r E . 

Let {—,—) be the Mukai paring on M(X): 

(r 8 s, r' 8' s') = 55' - rs' - r's, 

where r © 5® s, r' © 5' © s' E M{X). Then, by the Riemann-Roch formula, 
we see 

x(E,F)=-(v(E),v(F)}. 

We secondly recall the notion of the //-stability. For a torsion free sheaf 
F and an ample divisor uj, the slope /J>u(F) is defined by (ci(F) -oj)/ rankF. 

2 These line bundles are Gieseker stable with dimExt^ (E, E) — 2. 
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If the inequality fJ,u(A) < holds for any non-trivial subsheaf A of F, 

then F is said to be ^-semistable. Moreover if the strict inequality fJ,u(A) < 
Hu)(F) holds for any non-trivial subsheaf A with rank A < ranki* 1 , then F is 
said to be (instable. If NS(X) = ZL, we write //-(semi)stable instead of //£- 
(semi)stable. The notion of the ^-stability admits the Harder-Narashimhan 
filtration of F (details in [3]). We define fi^{F) by the maximal slope of 
semistable factors of F, and fj,~(F) by the minimal slope of semistable factors 
of F. 

Let (3 be an R divisor and wanR ample divisor on JqH- For a pair (/3, uj) 
we define the notion of w) twisted stability introduce by [Tj. For a torsion 
free sheaf E with v(E) = ® #e ® se, we define a polynomial ptg ^E) by 

P(P,w){E) -=^-- n + P w-nH + + 1 eKn . 

v y 2 Vrg; / te te 2, 

Suppose that u is an integral class and put u = OxiX)- Then P(p tU )(n) is 
simply given by 

(t;(0x(-n)),exp(-/3)^(^)) 
= — • 

Definition 2.1. Let E be a torsion free sheaf on a projective K3 surface 
X. E is said to be (/?, w) -twisted (semi)stable it p^^(F) < (<)p(/3^)(E) 
for any nontrivial subsheaf F of E. 

Moreover if j3 = then is said to be Gieseker (semi) stable with respect 
to u). For a torsion free sheaf E, we write Pw{E) instead of P(o )U) ){E). 

Remark 2.2. For a torsion free sheaf E, we can easily check the following 
relation between the /^-stability and the (/3, w)-twisted stability: 

/z w -stable => (/?, w)-twisted stable => (/3, w)-twisted semistable /i^-semistable. 

We also see the following relation between the //^-stability and the 
Gieseker stability: 

/U^-stable => Gieseker stable => Gieseker semistable => ^-semistable. 

Finally we cite the following lemma which plays an important role when 
we study the space of stability conditions on abelian or K3 surfaces. A 
prototype of Lemma |2,3I was first proved by Mukai and Bridgeland. Finally 
[4] refined it. 

3 Originally the notion of twisted stability is defined on projective surfaces. To avoid 
the complexity we add the assumption that X is a projective K3 surface. 
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Lemma 2.3. (7Z Lemma 2.7]) Let X be an abelian surface or a K3 surface. 
Suppose that A — > B — > C — > A[l] is a distinguished triangle in D(X). If 
hom^(j4, C) = for any i < and hom J x (C, C) = for any j < then we 
have the following inequality: 



< hom x (A, A) +hom3c (C,C) < hom x (B,B). 



3 Review of Bridgeland's work 

In this section we briefly recall the theory of stability conditions. The details 
are in the original articles [T] and [2J. For a projective K3 surface X we put 
NS(X) M = NS(X) ®z R and Amp(X) by the set of M-ample divisors. 

Let A be the heart of a bounded i-structure on the derived category 
D(X) of X and let Z be a group homomorphism from K(X) to C. Notice 
that K(X) is isomorphic to the Grothendieck of the heart A. The morphism 
Z is called a stability function on ^4. if Z satisfies the following: 



where m G M>o and 0£ is in the interval (0, 1]. Then we put arg Z(E) = (pE 
and call the pair (A, Z) a stability pair on D(X). If we take a stability pair 
(.A, Z), we can define the notion of Z-stability for objects in A as follows: 

Definition 3.1. Let (A, Z) be a stability pair on D(X) and E in A. The 

object E is said to be Z- (semi) stable if E 1 satisfies argZ(F) < (<)arg(_E) 
for any non-trivial subobject. 

By using the notion of Z-stability, we define a stability condition on 
D(X) as follows: 

Definition 3.2. A stability pair (A, Z) is said to be a stability condition on 
D(X) if any E £ A has the filtration = E C Ei C ■ ■ ■ E n -\ C E n = E 
such that Ai := EijE^x {% = 1, 2, • ■ ■ , n) is Z-semistable with axgZ{A\) > 
• • • > arg Z{A n ). We call such a filtration the Harder- Narashimhan filtration 
of -E. Moreover if Z factors through cr is said to be numerical. 

Let cr = (A, Z) be a stability condition on D(X). Then we can define 
the notion of c-stability for any object in An object E G D(X) is 

4 For a stability pair (.4, Z), we can logically define the notion of er-stability for objects 
in D(X). However in the original article [I], the notion of stability of arbitrary objects in 
D(X) is defined by a stability condition. Thus we follow the original style. 




mexp( 
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said to be a- (semi) stable if there is an integer neZ such that E[n] is in A 
and E[n] is Z-(semi)stable. We define &rg Z(E) by org Z(E[n]) —n and call 
it the phase of E. 

We put V{<t>) = {E G £>(X)|£ is Z-semistable with phase 0} U {0}. 
Then 7 ? ((/>) is an abelian category. For an interval I C R, we define 'P(I) by 
the extension closed full subcategory generated by 7^(0) for all </> €. I. If for 
any G R there is a positive number e such that V (((() — e,(f> + e)) is artinian 
and noetherian, then the stability condition a = (A, Z) is said to be locally 
finite. 

In general we cannot define the argument of Z(E) for E G D(X). How- 
ever if .E is in „4 (or -4[— 1]) then we can define the argument of Z(E) 
uniquely since the argument a,rgZ(E) is in (0,1] (respectively in (—1,0]). 

Take a stability condition a = (A, Z) on D(X). Then we can easily 
check that there exists the following sequence of distinguished triangles for 
an arbitrary object E G D(X): 



[i] 



[i] 



En 



E„ 



[i] 




E, 



where each Ai is u-semistable with argZ(^4i) > • • • > aigZ(A n ). One can 
easily check that the above sequence is unique up to isomorphism. We also 
call this sequence the Harder- Narashimhan filtration (for short HN filtra- 
tion). If E is in A then the above filtration is nothing but the filtration 
defined in Definition 3.2. In addition assume that a is locally finite. Then 
for a cr-semistable object F with phase 4> we have the following sequence of 
distinguished triangles: 




where each Sj is <7-stable with &rgZ(Sj) = (ft. We call this filtration a 
Jordan- Holder filtration (for short JH filtration). We remark that a JH 
filtration of F is not unique but the direct sum ©™ ^ of all stable factors 
of F is unique up to isomorphism. 
Now we put 

Stab(X) = {a\a is a numerical locally finite stability condition on D(X)}. 
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Bridgeland [2] describes a subset U(X) of Stab(X). We shall recall its 
definition. We put 

A+(X) := {v = r®5®s £ Af(X)\v 2 = -2,r > 0}, 

and define a subset V(X) of NS(X) M x Amp(I) by 

V(X) := {(p,u) € NS(X) R x Amp(X)| 

(exp(/3 + \/=lw),u) P<o(V^A+(I))}. 

Let (/3, oj) € V(X). Then (/3,w) gives a numerical locally finite stability 
condition = (A^), Z^)) in the following way. We put A(p )W ) by 



A (M :={E' eD(X)\H\E'){ 



e (* = o) 

G ^.w) 0' = - 1 ) }' 
= (» 9^ 0,-1) 



where 



^03,0)) := {E £ Coh(X)|£? is a torsion sheaf or /i^ (£ , /torsion) > /3uj} and 
•F(B,u) := {-^ e Coh(X)|£' is torsion free and /jZ(E) < /3u}. 

We define a stability function #rg u ) by Z{a w \ (E) := ( exp(P+^/—loj),v(E)) . 
Then the pair <Tm tU \ = (.Arg w ), Z{a w \) gives a numerical locally finite stabil- 
ity condition by [2]. 

Then we put V(X) := {a {M \(^,u) G V(X)}. If <r is in V(X) then 
for any closed point x £ X, O x is cr-stable with phase 1 by [21 Lemma 
6.3]. Let GL + (2, R) be the universal cover of GL+(2, R). Then Stab(X) has 
the right group action of GL + (2,M) by [H Lemma 8.2]. We put U(X) := 
V{X)-GL + (2,R). We remark that is isomorphic to F(X)xGL + (2,R). 

Let cr be in Stab(X). Since a is numerical and the Euler paring is 
nondegenerate on M(X), we have a natural map 

7T : Stab(X) -> AA(X), tt(A, Z) ->■ Z v , 

where Z{E) = (Z v ,v(E)) . The map 7r gives a complex structure on Stab(X). 
In particular each connected component of Stab(X) is a complex manifold 
by pQ. If ir(o~) spans a positive real 2-plane and is orthogonal to all (—2) 
vectors in Af(X) then a is said to be good. 
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Proposition 3.3. f|H Proposition 10.3]) The special locus U{X) is written 
by 

U(X) = {a G Stab(X)|Oa; is a -stable with a common phase and a is good}. 

Let us consider the boundary dU(X) := U(X)\U(X) where U(X) is 
the closure of U(X). Then dU(X) consists of locally finite union of real 
codimension 1 submanifolds by [21 Proposition 9.2]. If a G dU(X) lies on 
only one these submanifold, then a is said to be general. 

Theorem 3.4. (J^ Theorem 12.1]) Let a 6 dU{X) be general. Then exactly 
one of the following holds: 

(A + ) : There is a spherical locally free sheaf A such that both A and 
Ta(O x ) are stable factors of O x for any x E X, where Ta is the spherical 
twist by A. Moreover a J 'H filtration of O x is given by 

^erankA y y X A (O x ) > A® rankA [l]. 

In particular O x is properly a-semistabl^ for all x G X and A does not 
depend on x E X . 

(A~) : There is a spherical locally free sheaf A such that both A and 
T7 (O x ) are stable factors of O x for any x £ X, where Ta is the spherical 
twist by A. Moreover a J H filtration of O x is given by 

T A \O x ) ► O x ► A© rank ^[2] ► ^(^[l]. 

In particular O x is properly a-semistable for all x G X and A does not 
depend on x G X . 

(Cfc) : There are a {—2)-curve C and an integer k such that O x is a- 
stable if x C and O x is properly a-semistable if x £ C. Moreover a JH 
filtration of O x for x G C is given by 

Ocik + l) ► O x >> O c (k)[l] > O c (k + 

We recall the map : Stab(y) — > Stab(X) induced by an equivalence 
$ : D(Y) — > D(X). Let X and Y be projective K3 surfaces, and $ : 
D(Y) — > D{X) an equivalence. Then <3? induces a natural morphism : 
Stab(y) -> Stab(X) as follows: 

: Stab(y) -> Stab(X), $*({A Y , Z Y )) = {A X ,Z X ) 
where Z X (E) = Z Y (E)) , and A x = $(Ay). 

Then the following proposition is almost obvious. 
5 Namely O x is not cr-stable but a-semistable. 
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Proposition 3.5. (1% Proposition 6.1]) Let X and Y be projective K3 sur- 
faces, and $ : D(Y) — > D(X) an equivalence. For a G U(X), a is in 
<&*(U(Y)) if and only if §{O y ) is a -stable with the same phase for all closed 
points y G Y . 

4 Stability of classically stable sheaves 

The goal of this section is to show the cr-stability of Gieseker stable (or 
//-stable) sheaves on a projective K3 surface X for some a G Stab(X). 

We first prepare a function (|4.1|) which plays an important role in this 
section. Let Lq be an ample line bundle on X with Lq = 2c?. We define a 
subset V(X) Lo ofV(X) by 

V(X) Lo := {a (M G V(X)\(P,u) = (xL ,yL ) where (x,y) G M 2 }. 

Take an element 0{r,u) G V(X)l . For an arbitrary object F G D(X) we put 
the Mukai vector v(F) by v(F) = rp © Sp © sf • We have the orthogonal 
decomposition of 6p with respect to Lq in NS(X)k: 

5f = npL + up, 

where vp is in NS(X)r with vpL§ = 0. Then we have 



Z(F) = 




We see that the imaginary part 3mZ(F) of Z(F) is given by 2y/— lydXp 
where Xp = np — rpx. Put 

Z L °(F) := Z(F) + ^. 

2rp 

We define a function Na,e(%, y) for objects A and E G D(X) and for am w \ G 
^P0l by 

^, £ (x,y) := A^eZ L °(,4) - \ A fteZ L °(E), (4.1) 

where 9le means taking the real part of a complex number. 

Now suppose that E IS Si semistable torsion free sheaf where u) G 
Amp(X). For a stability condition (?tp yU ) = (A,Z) G V(X) we see the 
following: 
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• Hu(E) > (3uj E G A 

• Hu{E) <(3uj EG A[-l]. 

We shall consider following three cases: fJ, u (E) > fiu, p* u {E) = /3uj and 
Huj(E) < (3uj. We first treat the case when fJ, u (E) > (3u. 

Lemma 4.1. Let X be a projective K3 surface and 070 )W ) = (A, Z) € V{X). 
Assume that A — > E — > F is a non trivial distinguished triangle in A. 
Namely A, E and F are in A (This means that the triangle gives a short 
exact sequence in A. ). 

(1) If E is a torsion free sheaf then A is also torsion free sheaf. 

(2) In addition to (1), if E is Gieseker stable with respect to uj then we 
have p u (A) < p w (E). 

(3) Let Lq be an ample line bundle. In addition to (2), assume G 
V(X)l and fJ, u (A) = ii u {E). Then we have axgZ(A) < arg Z(E). 

Proof. Let H l (F) be the i-ih cohomology of F. Since F is in A, H l (F) is 
unless i is or — 1. Then one can easily check the first assertion by taking 
cohomologies to the given distinguished triangle and by this fact. Hence we 
start the proof of the second assertion (2). 

We have the following exact sequence of sheaves: 

► H~ 1 {F) ► A — f —+ E ► H°(F) ► 0. 

Suppose that H~ 1 {F) is not 0. One can easily see 

Li u {H-\F)) < ^{H-\F)) <(3uj< ti-(A) < ^(A). 

Thus we have ^(H^ 1 (F)) < (i u (A) < /x w (Im/) where Im/ is the image of 
the morphism / : A — >■ E. Thus we have Pu{A) < p w (Im/) < p u (E) since 
E is Gieseker stable with respect to uj. 

Suppose that H~ l (F) = 0. Then A is a subsheaf of E. Since E is 
Gieseker stable, the assertion is obvious. 

Let us prove the third assertion. We put L\ = 2d. For E and A in D(X) 
we put v(E) = ve © Se © se and v(A) = ta®Sa®sa- We decompose 5e 
and 5a by 

6 E = n E L + v E and 5a = n A L + v A , 

where ve and va are in NS(X)jj with veLq = vaLq = 0. We remark that 
both v E and v\ are semi negative and that the number ijia = 5aLq (respec- 
tively rriE = 5eLq) is an integer. Then we have ha = mA/2d (respectively 
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tie = the/ 2d) and 



*m-"C£ + !(„ + ^(=^-,)) s -£ 



r A 2r^ 2 V r A V 2r A 

Now we put J(A) = ^t{v{A) 2 -v\) and J(£7) = ^t{v{E) 2 -vV). Then 
we see 



J(A) = _ £M and J(E) = 1 _ sjL 

' r\ r A ) 2 V r% r E 



Since fi u {E) = n w {A) we see ^ - J(£) = M - J(A). Thus we see 
arg Z(A) < arg Z(E) if and only if J(JS') < J(A). Since < Pu(E) and 



/^(^l) = fi u (E), we see 



^ = M an d M < f£. (4.2) 



Then the inequality J(-E) < J(-A) follows from the inequality (|4.2p . Thus 
we have finished the proof. □ 

Lemma 4.2. Lei X be a projective K3 surface, let Lq be an ample line 
bundle on X and let o~(p tU \ = (A, Z) £ V(X)l - Assume that A — >■ E — »• 
F is a distinguished triangle in A with hom^-(A, A) = 1 and that E is a 
torsion free sheaf with 5e = riELo for an integer tie where we put v(E) = 

r E © °~E © S E ■ 

(1) // v(E) 2 = -2, Hu{A) < HuiE) and (5 E L - r E PL ) < then 
argZ(A) < arg Z{E). 

(2) Ifv(E) 2 > 0, n„{A) < vUE) and 

(^o-^o)(^ + l)<^ 
then argZ(^4) < arg Z(E). 

Proof. We first note that A is a torsion free sheaf by Lemma 14.11 Since 
there is no 07g w ) -stable torsion free sheaf with phase 1 (See [HJ Remark 
3.5 (1)] or [21 Lemma 10.1]), we see fJ,u(A) > flu. For the Mukai vector 
v(A) = rA © 5 a © sa of A we put 

5 a = n A L + va, 
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where va is in NS(X)r with vaLq = 0. Then we have 

Z(A) = !^! + ^(„ + vn ( ^ -^))-| 



= z Lo (A)-^. 

2r a 

We note that both Xa = tia — tax and A^ = ue — vex are positive. 
Since F is in A, we have 3mZ(F) > 0. Thus we see Xa < Xe- Since 
v \ < 0, we see argZ(A) < argZ io (^4). Thus it is enough to show that 
argZ io (,4) < avg Z(E). Since 3mZ(A) = 3mZ L °(A) = 2ydX A > and 
3mZ(E) = 2ydX E > 0, we see 

argZ Lo (^) < a rgZ(E) < N AtE (x,y). 

Note that Z L "(E) = Z(E). 
Now we have 

NA,E(x,y) = X E KtZ L «(A)-XAKtZ(E) 

= M^-^ + drV — ) — — — I- drEy ^ 

2r A r A 2r E r E 

,2/ n v(A) 2 , vfE 1 ) 2 „ , ,n £ n^u 

= dy {r A n E - r E n A ) + X E — Aa— MAaA£( ). 

2ta 2te rE rA 

Since fi u (A) < Hu(E) we have ^ — ^ > and rAn^ — rEUA > 0. Since 
the last term (iA^A^^- — ^j) is positive, we have 

v(A) 2 v(E) 2 

N A ,E(x,y) > N' A E (x,y) := dy 2 (r A n E - r E n A ) + 2 ■ 

Since hom^-( J 4, A) = 1 we have t>(A) 2 > —2. Thus we see 

Xe v(E) 2 

n 'a,e( x ^) > n a,e{ x iV) '■= dy 2 (r A n E -r E n A ) - X A — • 

ta ^rE 

Hence it is enough to prove N' A E (x, y) > 0. 

Let us prove the first assertion (1). Since v(E) 2 = —2 we have 

N'a e( x > V) = dy 2 (r A n E - r E n A ) - — + — 

rA r E 

> dy 2 (r A n E - r E n A ) - — 

rA 
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We shall show 



< dy 2 (r A n E - r E n A ) - —. 

TA 



Since ha = mA/2d with m A and d 6 Z, we see 



,2 



> 



2dX E 



r A (2dr A n E - r E m A ) 

Ae 

r A (r A n E - r E n A )' 

Hence we have 

dy 2 (r A n E - r E n A ) > 0. 

T A 

by r A n E — r E n A > 0. Thus we have proved the assertion. 

Let us prove the second assertion. Essentially the proof is the same as 
the one of the first assertion. Assume that v(E) 2 > 0. It is enough to show 
that N'a e (x, y) > 0. Since < A^ < A^ we have 

at// / \ i 2/ \ v(E) 2 
N AE (x,y) = dy (r A n E -r E n A ) \i A - 



r A 2r E 
v(Ef 
2r E 



v(E) 2 

> dy 2 (r A n E - r E n A ) - X E - fi E — (4.3) 



Hence it is enough to show that dy 2 (r A n E — r E n A ) — \ E — i 1 E~^~ > 0. 
Similarly to the first assertion, one can easily prove this inequality by using 
the assumption 

^> (&io _ rrfio)( ig! + l) . 

Thus we have proved the second assertion. □ 

Corollary 4.3. Notations and assumptions are being as Lemma Fur- 
thermore we assume that NS(X) = ZLo- 

(1) If v{E) 2 = -2, ^{A) < Hu{E) and ^(5 E L - r E /3L ) < ^, then 
axgZ(A) < axg Z(E). 

(2) If v(E) 2 > 0, fi u (A) < n^E) and 



j^(5 E L Q - r E (3L )( 



Lq \ 2r E 

then avgZ(A) < axg Z(E). 



v(E) 2 \ to 2 
+ 1 < 
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Proof. We use the same notations as in the proof of Lemma 14.21 

Let us prove the first assertion. Supposet that v{E) 2 = —2. By using 
the same argument in the proof of Lemma 14.21 one can see that it is enough 
to show that 

< dy 2 {r A n E - r E n A ) - ^. (4.4) 

r A 

Since NS(X) = ZLo, we see ua £ Z. Thus the inequality (|4.4p follows from 
the assumption j^(5 e Lq — r E f3Lo) < \- 

One can easily prove the second assertion since the proof is essentially 
as the same as the first assertion. In fact one can easily see that it is enough 
to show 



0<dy 2 (r A n E -r E n A )-^( V 4^- + l), 

r A \ 2r E / 



(4.5) 



instead of (I4.4D as above. This inequality follows from the assumption 
^(6 E L Q -r E /3L )(^ + l) □ 

Theorem 4.4. Let X be a projective K3 surface, Lq an ample line bundle 
and <T(^ )W ) = (A, Z) 6 V(X)l q . We assume that E is a Gieseker stable 
torsion free sheaf with respect to Lq with [i w {E) > f3uj and that the Mukai 
vector v(E) is r E © 5 E © s E with 5 E = u e Lq for some n E G Z. 

(1) Assume that v{E) 2 = -2. If S E L - r E /3L < u 2 /2, then E is 
<t (/3,uj) -stable. 

(2) Assume that v{E) 2 > 0. // (5 E L - r E pL )(^^- + 1) < uj 2 /2, then 



E is aip u y stable. 



Proof. Suppose to the contrary that E is not <7(^ w )-stable. Then there is a 
a (fi ^-stable subobject A of E in A with arg Z(A) > arg Z(E) and we have 
the following distinguished triangle in A: 

A > E ► F > A[l\. 

Since E is Gieseker stable with respect to uj = yL we see that A is a torsion 
free sheaf with p^ (A) < p u (E) by Lemma 14.11 Since p^ (A) < p^ (E) we see 
Vu(A) < fJ>u(E). If Huj(A) = Hu(E) then &rgZ(A) < arg Z(E) by Lemma 
14.11 Thus Huj(A) should be strictly smaller than [i w {E). Then whether 
v(E) 2 = -2 or v(E) 2 > 0, we see arg Z(A) < aigZ(E) by Lemma 1431 



Hence E is a o^^-stable. □ 



Corollary 4.5. Notations and assumptions are being as Theorem \4-4\ Fur- 
thermore we assume that NS(X) = ZLq. 
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(1) Assume that v(E) 2 = -2. // -k(5 E L - r E /3L ) < u? 12, then E is 
a {P,w) -stable. 

(2) Assume that v{E) 2 > 0. // ^(S E L - r E /3L ){^ + 1) < oj 2 /2, 
then E is a '(g,u)- stable. 

The proof of Corollary 14, 5l is essentially the same as the proof of Theorem 
14.41 The difference is to use Corollary 14.31 instead of Lemma 14. 21 Hence we 
omit the proof. Next we consider the case " fj, w (E) = /3a;". 

Proposition 4.6. Let X be a projective K3 surface and o~m iUJ ) = («4> Z) € 
V(X). Assume that the Mukai vector of an object E 6 D(X) is r E © 5e ® s E 
with r E / and 8 E u/r E = j3uj. 

(1) If E is a ix^-semistable torsion free sheaf then E is am^ysemistable 
with phase 0. 

(2) The object E is a fi^ -stable locally free sheaf if and only if E is 
stable with phase 0. 

Proof. Let us prove the first assertion. Since E is /U^-semistable, E is in 
A[— 1]. Since Hu,(E) = j3ui, the imaginary part 3mZ(E) of Z{E) is 0. Thus 
the argument of Z(E) is 0. 

Assume that E is not ^-semistable. Then there is a er/g^-semistable 
object A G -4.[— 1] such that 

iCi?in A[-l] with arg Z(A) > aigZ(E) = 0. 

This contradicts the fact that A is in „4[— 1]. Hence E is o"(^ itJ )-semistable. 

Let us prove the second assertion. We assume that E is a /^-stable 
locally free sheaf. Then E is minimal in ^[-10 by [51 Theorem 0.2]. Thus 
E is o-m jU} ) -stable with phase 0. 

Conversely we assume that E is cr^^-stable with phase 0. Since the 
rank of E is not 0, E is a locally free sheaf by |2] Lemma 10.1 (b)]. Since E 
is in A[— 1], we see E E Fip^)- Thus we have 

Huj(E) < fi+(E) < f3tv. 

Thus equalities should hold. Hence E is /Uoj-semistable. 

Suppose that E is not //^-stable. Then there stable subsheaf A 

of E such that ^{A) = fi u (E). If necessary by taking a saturation, we may 
assume that the quotient E/A is a torsion free sheaf. We remark that E /A is 
/^-semistable. Then A is locally free since E is locally free and dimX = 2. 

6 Namely E has no non-trivial subobject in A[— 1]. 
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Since A is a //^-stable locally free sheaf, A is 070 )W ) -stable with phase 0. Thus 
the short exact sequence A — > E — > E/A defines a distinguished triangle in 
A[— 1]. In particular A is a subobject of E in -4.[— 1] with phase 0. This 
contradicts the fact that E is cr^g^-stable. □ 

Finally we treat the case (E) < /3a/' . 

Lemma 4.7. Let X be a projective K3 surface and o'm^) = Z) G V{X). 
Assume that F ^ E ^ A is a distinguished triangle in A[—V\. 

(1) If E is a torsion free sheaf then A is a torsion free sheaf. 

(2) If E is a fiu -stable locally free sheaf then ^(E) < ^(A). 

We remark that the proof of [8j Lemma 4.4] completely works. 

Proof. One can easily prove the first assertion by taking cohomologies to 
the triangle F — > E — > A. Thus let us prove the second assertion. Since F, 
E and A are in A[— 1], we have an exact sequence of sheaves 

► H°(F) ► E — f —+ A ► H l {F) >■ 0, 

where H l {F) is the i-th cohomology of F. 

Assume that H°(F) ^ 0. Since H°(F) is torsion free, ranklm/ < 
rank I?, where Im/ is the image of the morphism f : E —> A. Thus ^(E) < 
fj, u (Imf). By using the fact £ T(B,u))j one can P r ove ^(Im/) < 

fj, u (A). Thus we have /jl w (E) < ^(A). 

Assume that H°(F) = 0. We write F instead of H 1 ^). Then E is a 
subsheaf of A. If rankF is not then we have fJ,u(A) < (3u) < fJ-uj(F). Thus 
we have Hu(E) < ^(A). Suppose that rankF = 0. If the dimension of the 
support of F is 1 then c\{F)oj > 0. Hence we see fJ> u (E) < ^(A). Thus 
suppose that F is a torsion sheaf with dimSupp(i ? ) = 0. Take a closed 
point x £ Supp(F). By taking the right derived functor MHomx(O x , — ) to 
the triangle E — > A — > F, we have the following exact sequence of C- vector 
spaces: 

Rom° x (O x ,E) -> Bom° x (p x ,A) -> Rom° x (O x ,F) Rom x (O x ,E) 

Since E is locally free we see Rom° x (O x ,E) = Eom x (O x ,E) = by the 
Serre duality. Since x is in the support of F, Hom x (O x , F) should not be 
0. This contradicts the torsion freeness of A. Hence we have proved the 
assertion. □ 
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Lemma 4.8. Let X be a projective K3 surface, let Lq be an ample line 
bundle, let &rp u -\ = (A, Z) G V(X)i and let F — ^ E — ^ A be a distin- 
guished triangle in A[—l}. We put v(E) = rE ® o~e ® se- Assume that 
hom^iA, A) = 1, both rankE 1 and r&nkA are positive and 5e = ^eLq f or 
some integer ue- 

(1) Ifv{E) 2 = -2, fi u {E) < fx w (A) < and r E ^L - 5 E L < co 2 /2, 
then &rgZ(E) < aigZ(A). 

(2) Lfv(E) 2 > 0, Hu(E) < Hu(A) < 0u and 

(r E pL -S E L )(^ + l)<^, 
then arg Z(E) < argZ(A). 

Proof. The proof is essentially the same as it of Lemma [4, 2 i We put Lg = 2d 
and v(A) = rA® 5a® sa with 5a = ^aLq + u A , where va 6 NS(X)k with 
vaLq = 0. If we put niA = 5aLq £ Z then we have ua = mA/2d. 
Now we have 

Z(A) - ^ + '^ + ^I(^-fi)) 2 -f 
2r A 2 \ r A > 2r A 

= z La (A)-^- 

Since v\ < we have &igZ L °(A) < aigZ(A). Thus it is enough to show 
that aigZ(E) < arg Z L °{A). We put Xe = tie — rEX and Xa = ua — rAX. 
We remark that both Xe and A^ are negative and A^ < A^ < by the fact 
F £ A[—l]. Hence we see 

argZ(E) < argZ L °(A) N A , E (x,y) < 0. 

Now we have 

NA,E{x,y) = dy (r A riE te^a) + dX A X E ( ) + — X E ~— X A - 

r E r A 2r A 2r E 

Since Hu(E) < fJ*u(A) we see r^ng — r E nA < 0. Thus we have 

, v(A) 2 v(E) 2 

Na,e(x,v) < N' AE (x,y) := dy 2 (r A n E - r E n A ) + — X E Xa- 

zr a £T E 

Since hom^ (A, A) = 1 we have v(A) 2 > —2. Thus we see 

n 'a,e{ x iV) < n A ,e( x ->V) '■= dy 2 {r A n E - r E n A ) - — - V [ E ^ X A . 

r A 2r E 
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Hence it is enough to show N'J^ E (x, y) < 0. 
Assume that v(E) 2 = — 2, then 



N r AE (x,y) = dy 2 (r A n E -r E n A )- — + — 

r A r E 

< dy 2 (r A n E - r E n A ) - — 

T A 



Hence it is enough to show that 

dy 2 (r A n E - r E n A ) - — < 0. (4.6) 
T A 

Recall that n A = m A /2d for some integer m A and d & Z. Then the 
inequality (|4.6p follows from the assumption 

r E f3L - 5 E L < — , 

Thus we have finished the proof. 

Assume that v(E) 2 > 0. Then we have 

AT" ( \ A*! \ XE V &L\ 

N AE (x,y) = dy [r A n E - r E n A ) X A 

r A 2r E 

v(E) 2 

< dy 2 (r A n E - r E n A ) - \ E X E . 

2r E 

Hence it is enough to show that 

v(E) 2 

dy 2 (r A n E - r E n A ) — X E — 4r^ X E < 0- (4.7) 

2r E 

The inequality (I4.7P is equivalent to the following inequality 

-X E ( v(E) 



r A (r E n A - r A n E ) \ 2r E 
The last inequality (|4.8p follows from the assumption 



(^ + 1 ),V. (4.) 



Thus we have proved the assertion. □ 

Similarly to the case of Corollary 14.51 we have the following corollary. 
We omit the proof since the proof is as the same as the proof of Lemma 14.81 
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Corollary 4.9. Notations and assumptions are being as Lemma \4-8[ Fur- 
thermore we assume that NS(X) = 7LL§. 

(1) Assume that v(E) 2 = —2, fa{E) < fa(A) < flu and j^{r E f3LQ — 

5 E L ) < u 2 /2. Then we have &rgZ(E) < arg Z(A). 

(2) Assume that v(E) 2 > 0, fa{E) < fa(A) < flu and 

j^(r E (3L - 5 E L ){^- + l) < lo 2 /2. 
Then we have arg Z(E) < argZ(A). 

Theorem 4.10. Let X be a projective K3 surface, Lq an ample line bundle 
and G(Bjd) = (<A,Z) G V(X)l . Assume that E is a [instable locally free 
sheaf. We put v(E) = r E ® 5 E ® s E . Assume that 5 E = u e Lq and fa{E) < 
flu where n E G Z. 

(1) Assume that v(E) 2 = -2. If (r E f3L - S E L ) < uj 2 /2 then E is 
a (l3,u>)- stable. 

(2) Assume that v(E) 2 > 0. If (r E (3L - S E L )h^- + l) < ^V 2 then 
E is a m ^-stable. 

Proof. Since fa(E) < E is in -4,[— 1] and &igZ(E) < 0. Suppose to the 
contrary that E is not cr^^-stable. Then there is a cr^^-stable object A 
such that A is a quotient of E in ^4[— 1] with aigZ{A) < &rg Z(E). Thus 
we have a distinguished triangle in ^4[— 1]: 

F ► E > A > F[l\. 

By Lemma 14.71 A is a torsion free sheaf with fa(E) < fa (A). Since A is 
in .4[— 1], we see fa (A) < flu. If fa(A) = flu, then the imaginary part of 
Z(A) is 0. Thus A is a"(^ !W )-stable with phase 0. This contradicts arg Z(A) < 
&rg Z(E) < 0. Hence fa(A) < (3lj. Then we see arg Z(E) < argZ(A) by 
Lemma 14.81 whether v(E) 2 = —2 or v{E) 2 > 0. This is a contradiction. 
Thus E is 0*^8 0,) -stable. □ 

Corollary 4.11. Notations and assumptions are being as Theorem \4-10 
Furthermore we assume that NS(X) = "LLq. 

(1) Assume that v(E) 2 = -2. If -k(r E f3L Q - S E L ) < u? 12 then E is 

a (p,u) -stable. 

(2) Assume that v(E) 2 > 0. // -^(r E fiL - S E L )(^^ + lj < oo 2 /2 
then E is a '(g,w)~ stable. 
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The proof is essentially as the same as it of Theorem 14,101 One can 
easily Corollary 14,111 by using Corollary 14,91 instead of 14,81 Hence we omit 
the proof. 



5 First application 

The goal of this section is to prove Theorem 15,41 as an application of Corol- 
laries 14,51 and 14.111 We shall give a classification of fine moduli spaces of 
Gieseker stable torsion free sheaves on a projective K3 surface with Picard 
number one. In this section the pair (X, L) is called a generic K3 if X is a 
projective K3 surface and NS(X) is generated by an ample line bundle. 

We shall start this section with an easy observation. Suppose that E 
is a Gieseker stable torsion free sheaf on a generic K3 (X, L) . Since E 
is Gieseker stable we have v(E) 2 > —2. Assume that v(E) 2 = —2. Then 
horn^ (£, E) = 0. Thus E is a spherical sheaf. It is known that E is /U-stable 
locally free sheaf (For instance see [H Proposition 5.2]). Thus the notion of 
/i-stability is equivalent to the notion of Gieseker stability if v(E) 2 = —2. 

Next we consider the case v(E) 2 > 0. We write down the following 
proposition which plays a key roll in this section. 

Proposition 5.1. Let X be a projective K3 surface and L an ample line 
bundle. Assume that E is a Gieseker stable torsion free sheaf with respect 
to L with v(E) 2 = 0. 

(1) Assume that rankE > 1. If E is fi-stable with respect to L then E 
is locally free. 

(2) Assume that NS(X) = ZL. If E is locally free then E is fi-stable 
with respect to L. 

In particular j/NS(X) = ZL and rankL 1 > 1 then the following holds: 
If E is not fi-stable locally free then E is neither jj,-stable nor locally free. 

Proof. The first assertion was proved in the step vii) in the proof of [H 
Proposition 4.1]. 

Hence, let us prove the second assertion. For any F G D{X) we put 
v(F) = rp © Sp © sp. Assume that E is not //-stable. Then there is a \i- 
stable subsheaf A of E such that /jll(A) = I^l(E) and the quotient E/A is 
torsion free. Since E is locally free, A is also locally free. We remark that 
Pl(A) < Pl(E) since E is Gieseker stable. We remark that < by 
Hl{A) = (j,l(E). Hence we have 



= 



v(E) 2 _ 5 2 E 




5\ n s A _v(A) 2 



E 



1 1 

r\ r A r\ 
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Thus v{A) 2 > 0. 

We choose crm jU ) G V(X) such that ^(E) = ^(A) = j3oj. Then E 
is cr^g (jj-semistable with phase and A is ov^A-stable with phase by 
Proposition 14.61 Since cr(p iU ) I s locally finite we have a distinguished triangle 

A' > E ► E/A', 

where all stable factors of A' are A and hom° x ( A' , E/A') = 0. Then by 
Lemma I2.3L we see hom x (A',A') < 2. Thus v{A') 2 < 0. However, since 
A' is an extension of A, we have v(A') = £v(A) for some £ 6 N. Thus 
v(A') 2 = £ 2 v{A) 2 > 0. This is contradiction. Hence E is /i-stable. □ 

Suppose that (X, L) is a generic K3 and take an element v = r(B5®s£ 
J\T(X) with r > and v 2 > —2. We define subsets of V(-X") depending on u. 
Case 1: u 2 = -2. 

K + := {a ( ^ )G y(^)l^<^,^(<5L-r/3L)<^}. 
V v ° := € y(^)l/3o; = 

K" := {a iM £V(X)\Pu>y,=±(6L-r/3L)< < 4}. 



Case 2: ?/ > 



V v + := {a {M eV(X)\Pu< S ^,±(SL-rW^ + l) < ^}. 

K° := h w e^)l^ = 7 } ' 

K- := {a v „ )€ V(X)\p U >^,^(6L-rf}L)(£ + l)<^}. 

For instance, take a Gieseker stable torsion free sheaf E on (X, L) with 
v(E) 2 = and put v = v(E) = r©<5©s. Then the picture of the sets V+, 
Vy and V~ are given by the following. 
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In Proposition 15.21 (below), we show that the set V® is a "wall" if and only 
if E is not a //-stable locally free but Gieseker stable torsion free. 

Proposition 5.2. Let (X,L) be a generic K3 and E a Gieseker stable tor- 
sion free sheaf with v(E) 2 > 0. 

(1) If the sheaf E is not locally free then E is not a-semistable for any 

(2) // the sheaf E is not fi-stable then E is not a-semistable for any 

(3) Take an arbitrary a S Vy{E) ' ^ or ^ e s ^ ea f E, the following three 
conditions are equivalent: (a) E is a -stable, (b) E is a-semistable and (c) E 
is fi-stable and locally free. 

Proof. For an object F € D{X) we put v(F) = rF © 5f © sp. Take an 
arbitrary element cr = (A, Z) £ V^m ■ 

Let us prove the first assertion (1). Suppose to the contrary that E is a$- 
semistable. Since E is not locally free, we have the following distinguished 
triangle by taking double dual of E: 

5[-l] ► E > E vv , 

where S = E vv /E. Note that S is a torsion sheaf with dimSupp(S') = 
0. Hence S[— 1] is oo-semistable with phase 0. Since ao G ^v{E) we see 
3mZ(E) < 0. Hence E is u-semistable with phase <p £ (—1,0). Thus 
&rg Z(E) < arg Z{S\— 1]) and Homjf(5[- 1], E) should be 0. This contra- 
dicts the above triangle. Hence E is not o"o-semistable. 

Let us prove the second assertion (2). Suppose to the contrary that E is 
o"o-semistable. Since E is not //-stable, there is a torsion free quotient A of 
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E such that A is //-stable with hl{A) = hl(E). Since E is Gieseker stable 
we have pl(E) < pl(A). Thus we see 2s. < M. Moreover we can assume 
that ^4 is locally free. In fact if necessary it is enough to take the double 
dual of A. Then we see that //l(^ vv ) = Hl(E), < tyg- and A yv is 



',1 



//-stable. Thus we can assume that A is a //-stable locally free sheaf. Note 
that Rom° x (E,A) / 0. 

We show VJ E \ C VJ A y Note that 

r A (3L-5 A L = r A ((3L — —L) 

= r A (PL-^L) 
rE 

< r E (f3L-^L) = rEf3L-5 E L. (5.1) 

Here we use the fact NS(X) = ZL in the second inequality. 

Since A is //-stable we have v(A) 2 > —2. By the definition of V~^ A y 

we have to consider two cases. We first assume that v(A) 2 = —2. Since 
v(E) 2 > 0, we have 

v(E) 2 
1 < + 1. 

" 2r E 

Then we see 

r A f3L - 5 A L < (r E f3L - 5 E L) ( + 1 

\ 2r E 

Hence we see VJe) c ^uTa) ^ the definition of . 

Next suppose that v(A) 2 > 0. Then by using the fact that NS(X) = 7LL 
we have 

2 



v{A) 2 ( 5 A n a A \ 



.^-2- r A 

r A \ri r A J 



A 

< ft- 2^) M 

< (f_ 2 ^U = ^. (5 . 2) 



By two inequalities (|5.ip and (]5.2h we see 

(r A /3L - S A L){^- + l) < (r^L - 5 E L) + l' 
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Thus we have proved V1 E \ C VJ A ) ■ 

Recall that A is a //-stable locally free sheaf. Since the stability condition 
<7o is in VJ A -. , A is o"o-stable by Corollary 14.111 Now we have 

Z(A) _ v{Afl, ft. 



r A 2r\ ' 2\" ' ' y r A 



2r\ 2r| 2r| L'V V L 
Z(E) v(A) 2 v{Ef 



te 2r\ 2r? 



Here we used the fact NS(X) = ZL in the second equality. Since hl(A) = 

Hl(E), f§ < and NS(X) = ZL, we see that is a negative 

number. Hence we see 

Z(A) Z(E) 
arg < arg . 

r A r E 

This contradicts Rom° x (E,A) ^ since both A and £7 are ao-semistable. 
Thus E is not oo-semistable. 

Let us prove the third assertion. We claim (a) => (6) => (c) =^ (a). The 
first claim (a) (b) is trivial. The second claim (b) =>• (c) follows from the 
contrapositions of Proposition 1531 (1) and (2). The third claim (c) (a) is 
nothing but Corollary 14.111 Thus we have finished the proof. □ 

Take a stability condition 07^) G V(X) and a ^-semistable torsion free 
sheaf E with /jl u (E) = /3uj. By Proposition 14.61 if ^ is n °t a /^-stable locally 
free sheaf, then E is properly a-semistable. Hence it makes sense to consider 
a Jordan- Holder filtration of E with respect to <7m u )- 

Lemma 5.3. Let X be a projective K3 surface. Take a 0(p t u) G V(X). 
Assume that E is a fi^-semistable torsion free sheaf with /jl u (E) = f3co and 
the filtration 

= E C E x C E 2 C • • • C £ n _i C E n = E 

is a Jordan- Holder filtration of E with respect to fjL u - stability. Namely A^ = 
Ei/Ei—i (i = 1, 2, ••■ , n) is a ^-stable torsion free sheaf with ^(Ai) = 
^(E). Then a-stable factors of E consist of all AV V and a-stable factors 
ofA^/A^-l] (i = 1,2,--- ,n). 
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Proof. We put a = o All Ai (i = 1, 2, • • • k) are cr-semistable by Propo- 
sition 14.61 If we obtain JH nitrations of Ai , we can construct a JH nitration 
of E by combining JH nitrations of Ai. Hence it is enough to prove the 
assertion for /x-stable torsion free sheaves. 

Suppose that A is a /^-stable torsion free sheaf with fjL u (A) = (3uj and 
put Sa = ^4 VV /A. Then we have a distinguished triangle: 



-> A 



vv 



-»• 5 A . 



5a[-1] - 

Since the dimension of the support of Sa is 0, there are finite closed points 
{x\,X2,--- , such that 



■O x 



■F k . 



■ F k = S A . 



[i] 



o X2 



Or 



Since Xi (i = 1, 2, • • • k) and A vv are cr-stable, these are cr-stable factors of 
A and the JH filtration of A with respect to a is given by 



-O n hi] 



- *■„[-!] — ■ 



o»[-i] 



Thus we have finished the proof. 



□ 



In the next theorem, we give a classification of moduli spaces of Gieseker 
stable torsion free sheaves on a generic K3 (X, L). Let Y be the fine moduli 
space of Gieseker stable torsion free sheaves with Mukai vector v = r © 5 © s 
and let £ be a universal family of the moduli Y. We define an equivalence 
$ £ : D(Y) -> £>(X) by 

$£(-) =Rir x *(£ ® tt^H), 

where 7rx (respectively 7ry) is the projection X x Y — >• X (respectively X x 
Y" — > Y). To avoid the complexity in notations, we write V + (respectively 
V° and V~) instead of V^ lo ^ (respectively Vj^q ^ and Vj^, m ^) for 



'v(MOy)) 

the given equivalence $£ : -D(Y) 



Theorem 5.4. Notations are being as above. 

(1) Tjfr is not a square number then Y is the fine moduli space of fi- stable 
locally free sheaf. 

(2) Assume that r is a square number. Then one of the following two 
cases occurs: 

7 There may be i and j in {1, 2, • • • , k} so that Xi = Xj. 



26 



(a) Y is the fine moduli space of [i-stable locally free sheaves. 

(b) Y is the fine moduli space of properly Gieseker stable torsion free 
sheaves and Y is isomorphic to X. Moreover $£ is the spherical twist 
by a spherical locally free sheaf up to an isomorphism Y — y X. 

Proof. We note that Y is the fine moduli space of properly Gieseker stable 
torsion free sheaves or the moduli of /i-stable locally free sheaf by Proposition 
ED Let be a natural map : Stab(Y) -)• Stab(X) induced by . We 
put By = <&s{Oy). Then for any a G V + , £ y is cr-stable by Corollary 14. 5\ and 
the phase of £ y does not depend on y G Y. Hence we see V + C §£*U(Y). 
By Proposition 14.61 it is enoug h to show that V° n $ £ *U{Y) / 0. 

Suppose to the contrary that V n&£*U (Y) = 0. We first show that V° is 
contained in the boundary d$£*U(Y) under the assumption V°n$>£*U (Y) = 
0. Since V° is in the closure of V + , V° is also in the closure of 3>£*U(Y). 
Then we claim V~ n $ £ *U(Y) = 0. In fact, if V~ D $£*U(Y) ^ then £ y 
is a /i-stable locally free sheaf for all y € Y by Proposition 15.21 Moreover 
V° is in ® £ M(Y) by Proposition EM This contradicts V° n ® £ *U(Y) = 0. 
Hence we see V~ n <&£*U(Y) = 0. Thus V° is contained in the boundary 
d($£*U(Y)). Moreover any a G y° is general in 9($g*C/(y)) since there 
are no walls in V(X). 

Take a stability condition o"o G V°. Recall that the Picard number of X 
is 1. Since Y is a Fourier-Mukai partner of X, the Picard number of Y is 
also 1. Since there is no (— 2)-curve in Y, O y is properly ^J^Vo-semistable 
for all y G Y by Theorem 13.41 Hence £ y is not ao-stable but o"o-semistable. 
Moreover we see that £ y is not a locally free sheaf by Propositions 15.11 and 
15.21 Hence we have the following distinguished triangle by taking the double 
dual of £ y : 

Sy[ 1] y £ y y £ y y S y , 

where S y = £ y v /£ y . By Lemma [2T3l we see 

hom^ (S y ,S y ) = 2 and hom^(^ vv ,^ v ) = 0. 

Thus there is a closed point x G X such that S y = O x . Since do is in V(X), 
O x is a cro-stable factor of £ y . By Theorem 13.41 £y v is a direct sum of a 
spherical object S. Since £ y v is a locally free sheaf, S is an also locally free 
sheaf with /i L (5) = ^ L {£ y y )- Thus we can put £^ y = S® £ . 
Since v(£ y ) = v(£ yv ) - 00 00 1, we have 

= v(£ y f = v(£^f - 2(v(£^),v(O x )). (5.3) 
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Furthermore we have v(£y V ) 2 = —2£ 2 and 

(v(£^ v ),v(O x )) = -rank£ y vv = -rank^ = -r. 

Thus we have 

2£ 2 = 2r. 

Hence if r is not a square number then we have V° n <i?£*t/ (V) 7^ 0- Thus £ y 
is a /^-stable locally free sheaf for all y 6 V by Proposition 14,61 This gives 
the proof of the first assertion (1). 

Suppose that rankf^ is a square number. Then a JH filtration of £ y is 
given by the following triangle: 

ey-i] ► £ y > s® r ► o x . 

Since O x [— 1] is the unique stable factor of £ y with an isotropic Mukai vec- 
tor, one of the following two cases will occur by Theorem 13.41 and by the 
uniqueness of stable factors up to permutations: 

(i) For any y EY, there is a closed point x G X such that <3?£ o Tb{O v ) = 
O x [— 1] where B is a spherical locally free sheaf on Y and Tb is the 
spherical twist by B. 

(ii) For any y £Y, there is a closed point x E X such that QgoTg 1 (O y ) = 
O x [—l] where B is a spherical locally free sheaf on Y. 

We remark that B does not depend on y by Theorem 13.41 

Assume that the first case (i) occurs. Then, as is well-known, there is a 
line bundle M on X and an isomorphism / : Y — > X such that <&£oTg(— ) = 
M <8) /*(-)[- lj£ Thus we have 

* £ (O y )=M®/»(^ 1 (O tf ))[-l]. (5.4) 

Then the right hand side of (j5.4j) is properly complex and the left hand side 
is a sheaf. This is contradiction. Hence the second case (ii) should occur. 
Then ®s(-) is given by M O /*(Ts (—))[— 1]. This gives the proof of the 
second assertion (2). □ 

Example 5.5. Let (X,L) be a generic K3 and let £ be a Gieseker stable 
torsion free sheaf with v(E) = r © nL © s. Since NS(X) = ZL, i±7 is /u-stable 
if gcd{r, n} = 1 by [3, Lemma 1.2.14]. Then E is a ^-stable locally free sheaf 

8 For instance see [5] Corollary 5.23] 
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by Proposition 15.11 Moreover if gcd{r, nL 2 ,s} = 1 then the moduli space 
containing E is a fine moduli space. 

Let (X, L) be a generic K3 with L? = 6. Take v G M(X) as v = 
12 01OL0 25. Then by [3, Corollary 4.6.7] the moduli space M L (v) of 
Gieseker stable torsion free sheaves with Mukai vector v is the fine moduli 
space since gc d{12, 10L 2 ,25} = 1. By Theorem M L (v) is the moduli 
space of /XL-stable locally free sheaves, although gcd{12, 10} = 2. 

6 Second application 

The goal of this section is to generalize jSJ Theorem 1.1] to arbitrary pro- 
jective K3 surfaces. 

In [8] the author describes a picture of (Tl)*U(X) n V(X) by using 
[HJ Theorem 1.2] where Ti is a spherical twist by an ample line bundle L. 
Instead of the theorem we use Lemma 16.11 (below). Before we state the 
lemma we prepare the notations. Let X be a projective K3 surface and take 
an ample line bundle L. For the line bundle L we define the subset Vf^° of 
V(X) by 

:= {a (M G V(X) L \(L 2 - PL) < y}. 

The following lemma is essentially contained in Theorem 14.61 However we 
write down the lemma to make it much easier to use Theorem 14.61 

Lemma 6.1. Notations are being as above. The set V£"° is contained in 
TlJJ{X). 

Proof. Recall that T E {O x ) = L ®I X \\\ where X x is the kernel of the evalua- 
tion map Ox O x . If a is in Vf^° then L®X X is a-stable for all x G X by 
Theorem 14.41 Furthermore the phase of L®T X does not depend on x G X. 
Thus we have proved the assertion. □ 

The following lemma is also used in [8]. By using Lemma [6. 2 \ we can see 
&{O y ) is a sheaf up to shifts if an equivalence : D(Y) — > D(X) satisfies 
the condition $*U(Y) = U(X). 

Lemma 6.2. (J^ Proposition 14-. 2], [9, Proposition 6.4]) Let X be a pro- 
jective K3 surface, E in D(X) and cr(p^) = (<A, Z) G V(X). We put 
v{E) = r E ®b~E®s E - 

(1) Assume that r E > and E G A. If there exists a positive real number 
lo such that E is (Trp^y stable for all £ > £0, then E is a torsion free sheaf 
and is {(3, uj) -twisted stable. 
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(2) Assume that = and E £ A. If there exists a positive real number 
£q such that E is a '(p.eu)- stable for all I > £q, then E is a pure torsion sheaf. 

In [8] the author proves that some spherical twists send sheaves to com- 
plexes in some special cases. In the following Lemma we generalize this 
result to arbitrary projective K3 surfaces. 

Lemma 6.3. Let X be a projective K3 surface and let E and A be coherent 
sheaves with positive rank. We assume that v(E) 2 = and v(A) 2 = —2 and 
put v(E) = rE © $e © se and v(A) = rA © 6a © sa- 

(1) Z/(^-^)2>0 then X (A,E)>0. 

(2) In addition to 1, assume that A is spherical and hom x (A, E) = 0. 
Then the spherical twist Ta(E) of E by A is a complex. In particular the 
0-th and 1-st cohomologies survive. 

Proof. We first show the first assertion. Since and are positive, it is 
enough to show that x<yA,E ^ is positive. We have 

= -<1©^©^,1©^©^> 
r A r E r A r A r E r E 

sa se_ _ 5 a 5e 
r A r E r A TE ' 
Since v(A) 2 = —2 and v (E) 2 = we have 



r A 1r\ r\ r E 2 r% 



Thus we have 



X(A,E) = IJj | 1 | 16 E 6 A 6 E 
r A rE 2r 2 , r\ 2 r| r^rg 



A 'A ">E 

1(6a _ 6e\ 2 J- 



2\rA rE) r 2 



+ - > 0. 

.4 



Thus we have proved the first assertion. 

We show the second assertion. By the assumption and (1) of Lemma 
we have \{A,E) = -hom x (A,E) + hom x (A,E) > 0. Hence hom x (A,E) 
is not 0. By the computing of the i-th cohomology H l of Ta(E), we can 
prove the assertion. In fact we have the following exact sequence of sheaves: 

E.om x (A,E)®A ► E ► H° 

► Hom x (A,E)®A ► ► H 1 



-> Hom 2 x (A,E) <g) A > 0. 
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Since hom x (A, E) is not 0, we see H 1 ^ 0. Since hom^A, E) is 0, the sheaf 
H° contains E. Thus H° is not 0. □ 

For an equivalence satisfying the condition QgJJiY) = U(X) and for 
a closed point y £ Y, it is enough to prove 3>(0y) = O^M f° r some x £ X 
and nGZ. By LemmaO if $>*U(Y) = U{X) then <$>(O y ) should be a sheaf 
up to shifts. Thus we have to exclude the case $(O y ) is a torsion free sheaf 
F or pure torsion sheaf T with dimSupp(T) = 1 (up to shifts). If the Picard 
number of X is one then it is not necessary to consider the case &(O y ) = T 
with dimSupp(T) = 1 since v{§{O y )) 2 = 0. We need the following lemma 
to exclude the case <&{O y ) = T with dimSupp(T) = 1. 

Lemma 6.4. Let X be a projective K3 surface, E a pure torsion sheaf 
with dimSupp(-E) = 1 and L a line bundle on X. If x(L,E) < then the 
spherical twist T E (E) of E is a sheaf containing a torsion sheaf or a properly 
complex. In particular T E {E) is not a torsion free sheaf. 

Proof. Since E is torsion and L is torsion free we have \iom x (L, E) = by 
the Serre duality. Thus we have hom x (L, E) ^ by x{L,E) < 0. We can 
compute the i-th cohomology H l of T E (E) in the following way: 

► H- 1 

► Kom x (L,E)®L ► E ► H° 

► Hom^(L,£) ®L ► 0. 

Since hom x (L,E) ^ we see H° ^ 0. 

Suppose that Hom^(L,£) = 0. Then H~ x = 0. We can easily see 
H l = if i ^ 0. Hence Tl(E) is a sheaf containing the torsion sheaf E. 

Suppose that Hom x (L, E) ^ 0. Since E is torsion, H~ l is not 0. Thus 
Tl(E) is a comlex. □ 

In Proposition 16.51 and Corollary 16.61 we generalize [U Theorem 6.6]. 

Proposition 6.5. Let X be a projective K3 surface and E in D(X) with 
v(E) 2 = 0. We putv{E) = r E @5 E @s E . 

(1) Suppose that r E 7^ 0. Then there is a a £ V(X) such that E is not 
a-stable. 

(2) Suppose that r E = and E is a-stable for all a £ V(X). Then E is 
O x [n] for some closed points x £ X and n £ Z. 
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Proof. Let us prove the first assertion (1). Suppose to the contrary that E 
is cr-stable for all a G V{X). Since te ^ we can assume te > by a shift 
if necessary. We choose a stability condition (T/p UI0 ) = (Aq,Zq) E V(X) 

so that -f^ > Pqujq and ojq is an integral class. Since ^f^- > /3o^o the 
imaginary part 3mZo(E) of Zq(E) is positive. Hence there is an even integer 
2m such that E[2m] is in Aq. Thus we rewrite E instead of E[2m]. Note 
that E is in Aq and is positive. 

We consider the following one parameter family of stability conditions 

We '■= c(/3 A>o) e V(X)\£ e M»o}- 

We put cj£ = (.4^, Z^). By (1) of Lemma HOI E is a (/Jo, ^o) -twisted stable 
torsion free sheaf. 

We choose am ample line bundle L satisfying the following condition: 

1. c\(L) = nojQ where n is a positive integer. 

2. > ^ (E). 

3. (£|-L) 2 >0. 

4. r E - X (L,E) <0. 

This choice is possible if we take a sufficiently large n. Since E is twisted 
stable, E is ^-semistable with respect to ujq. Thus hom^(L, E) = by 
the second condition for L. Hence Tl{E) is a complex by Lemma 16.31 In 
particular the 0-th and 1-st cohomologies survive. 

Now we put £' = T L (E)[1] and v(E') = r '®6'®s'. Since r' = x(L, E) - 
ve, t' is positive. We choose a divisor (3 so that 

j3 = bL (6 € R) and /3w < minlLwo, -^}- 

r 

We consider the following family of stability conditions: 

I ?/ •= °03,yL ) G VL l L - P L < g 

We put (Ty = (Z y ,Vy). By Lemma 16.11 a stability condition cr^ is in 
(T L )*U(X). Since £ is r-stable for all r G C/(X), the object £' is (T L ),r- 
stable. Thus E' is <7 y -stable since a y is in Tl*U(X). By the choice of /3 we 
have 3mZy(E') > 0. Hence E' should be a torsion free sheaf up to shifts 
by (1) of Lemma [6. 2 i This contradicts the fact that two cohomologies of E' 
survive. 
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Let us prove the second assertion (2). We choose an arbitrary stability 
condition ffrp^wo) = (Aq, Zq) G V(X) and fix it. Since E is ov^ ^-stable we 
can assume that E is in Ao by shifts if necessary. By taking a limit ujq — > oo 
we see that E is a pure torsion sheaf by (2) of Lemma 16.21 

We shall show 5e = 0. Suppose to the contrary that 5e ^ 0. Then SeL 
is positive for any ample line bundle L. Thus there is a sufficiently ample 
line bundle Lq such that x(Lo,E) < 0. Here we put v(Tl q (E)) = r©<5©s. 
Since r = —x(Lq,E), we see r > 0. Similarly to 1 we consider the following 
family of stability conditions 



{<j y := o-( ,j,£ ) = (A y ,Z y )\Ll < — °^ }■ 



Since ^l q {Lq) = Lq > 0, cr^ is in (Tl )*U(X) by Lemma IdTTI Moreover we 
have 

5L 6 E -x(Lo,E)L 

= Lq > u. 

r r 

Thus 3tnZj / (Tf /0 (£')) > 0. Hence we can assume that Tl (E) is in A y up 
to even shifts. By (1) of Lemma 16.21 Tt (E) should be a torsion free sheaf. 
This contradicts Lemma 16.41 Thus we have 5e = 0. 

Since 5e = 0, E is a pure torsion sheaf with dimSupp(£') = 0. Since E 
is ex-stable we have hom^ (E,E) = 1. Thus E is a length 1 torsion sheaf up 
to shifts. We have proved the assertions. □ 

Corollary 6.6. Let X be a projective K3 surface and E in D{X) with 
v(E) 2 =0. If E is o -stable for all a G V(X) then E is O x [n] for some 
x G X and n G Z. 

Proof. We put v(E) = rE@ Se © se- If te ^ then this contradicts (1) of 
Proposition l6.51 Hence re = 0. The assertion follows from (2) of Proposition 
1631 □ 



Theorem 6.7. Let X and Y be projective K3 surfaces and $ : D(Y) — > 
D(X) an equivalence. If &*U(Y) = U(X) then $ can be written by 

*(-) = L®/„(-)[n] 

where L is a line bundle on X , f is an isomorphism f :Y — >• X and n G Z. 

Proof. Take an element a G Stab(X). By the definition of GL + (2,M) action 
we see that an object E is cr-stable if and only if E is a^-stable for all 
g G GL + (2,R). Hence if $*C/(Y) = C/(X) then *(O y ) is written by O s [n] 
for some i£l and n G Z by Corollary 16.61 Then the assertion follows from 
[6J Corollary 5.23]. □ 
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Then we immediately obtain the following corollary. 
Corollary 6.8. We put 

Aut(D(X),U{X)) := {$ G Aut{D(X))\Q*U(X) = U(X)}. 
Then Aat(D(X),U(X)) = (Aut(X) x Pic(AT)) x Z[l]. 
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